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Abstract 



We consider the equivariant Yamabe problem, i.e. the Yamabe 

problem on the space of G-invariant metrics for a compact Lie group 

G. The G- Yamabe invariant is analogously defined as the supremum 

of the constant scalar curvatures of unit volume G-invariant metrics 

£N| ' minimizing the total scalar curvature functional in their G-invariant 

k>" , conformal subclasses. We prove a formula about how the G- Yamabe 

J-^ ■ invariant changes under the surgery of codimension 3 or more, and 

_~ , compute some G- Yamabe invariants. 

\q '. 1 Introduction 

O 

c| ■ By the well-known uniformization theorem, the geometry and topology of 

compact orientable surfaces have the trichotomy according to the Euler char- 
acteristic. The Gauss-Bonnet theorem says that the Euler characteristic is 
basically the constant scalar curvature of the unit volume. Along this line 
one can consider the following higher dimensional generalization, so-called 
KS ' Yamabe invariant. 

C^ ■ Let M be a smooth compact connected n-manifold. In analogy to the 

2-dimension, let's consider the normalized Einstein-Hilbert functional 

I M S 9 dV 9 
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denned on the space of smooth Riemannian metrics on M, where s g and dV g 
respectively denote the scalar curvature and the volume element of g. The 
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denominator is appropriately chosen for the purpose of the scale invariance. 
But it turns out that this functional is neither bounded above nor bounded 
below. In higher dimensions one need to note that there are metrics which 
are not conformally equivalent to each other. A conformal class on M is by 
definition a collection of smooth Riemannian metrics on M of the form 

[g] = {^g | V = M - M+}, 

where g is a fixed Riemannian metric. In each conformal class [g] the above 
functional is bounded below and the minimum, called the Yamabe constant 
of (M, [g]) and denoted by Y(M, [g]), is realized by a so-called Yamabe metric 
which has constant scalar curvature. By Aubin's theorem 0], the Yamabe 
constant of any conformal class on any n-manifold is always bounded by that 
of the unit n-sphere S n (l) C M n+1 , which is A n = n{n - l)(vol(S" n (l))) 2 / n . 
The Yamabe invariant of M, Y(M), is then defined as the supremum of the 
Yamabe constant over the set of all conformal classes on M . Note that it 
is a differential-top ological invariant of M depending only on the smooth 
structure of the manifold. 

The computation of the Yamabe invariant has been making notable 
progress, particularly in low dimensions, due to LeBrun ^3 El El ITU] , 
Bray and Neves j^j, Perelman [U|, Anderson |Sj, and etc. But in higher di- 
mensions little is known and noteworthy theorems to this end are the surgery 
theorems. By the celebrated theorem of Gromov and Lawson [Jj, also inde- 
pendently by Schoen and Yau |19| . the Yamabe invariant of any manifold 
obtained from the manifolds of positive Yamabe invariant by a surgery of 
codimension 3 or more is also positive. Moreover we have 

Theorem 1.1 (Kobayashi [12J, Petean and Yun [18J) Let M 1: M 2 be 

smooth compact manifolds of dimension n > 3. Suppose that an (n — q)- 
dimensional smooth compact (possibly disconnected) manifold W embeds into 
both M\ and M 2 with trivial normal bundle. Assume q > 3. Let M be any 
manifold obtained by gluing M\ and M 2 along W . Then 

( -(|Y(Mi)| n / 2 + |Y(M 2 )| n/2 ) 2/n ifY(Mi) < Vi 
Y{M) > ! min(Y(Mi),Y(M 2 )) tfY(Mi) -Y(M 2 ) < 

{ min(Y(Mi), Y(M 2 )) if Y(Mi) > Mi and q = n 

When Y{Mi) > and 3 < q < n — 1, no estimate has been given even for 
W = S n ~ q . 

Now let's generalize this discussion to the equivariant Yamabe problem. 
Let G be a compact Lie group acting on (M, g) smoothly as an isometry. 



We will call such (M,g) as a Riemannian G-manifold and [g] G will denote 
the set of smooth G-invariant metrics conformal to g. Then we have 

Theorem 1.2 (Hebey and Vaugon |8j) Let (M,g) a smooth compact 
Riemannian G-manifold. Then there exists a metric g' £ [g] G of constant 
scalar curvature realizing 



Y(M,[g] G ) := jnt 
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and 

Y(M,[g] G ) <A n (mf \Gx\)$ 

xGM 

where \Gx\ denotes the cardinality of the orbit ofx. 

We will call Y(M,[g] G ) the G-Yamabe constant of (M,[g] G ) and such a 
metric g' will be called as a G-Yamabe metric. Obviously Y(M,[g] G ) > 
Y(M, [g]) for any G-invariant metric g. We also remark that any G-Yamabe 
metric with the nonpositive G-Yamabe constant is actually a Yamabe metric, 
and hence the G-Yamabe constant coincides with the Yamabe constant, 
because the constant scalar curvature metric is unique up to constant in such 
a conformal class. The G-Yamabe invariant Y G (M) of M is also defined as 
the supremum of all the G-Yamabe constants. Of course it is an invariant 
of the G-manifold M. We will show that some standard theorems about the 
Yamabe constant can be generalized to the G-Yamabe constant and prove 
the following surgery theorem for the G-Yamabe invariant. 

Theorem 1.3 Let M\,Mi be smooth compact manifolds of dimension n > 
3 on which a compact Lie group G acts smoothly. Suppose that an (n — 
q) -dimensional smooth compact (possibly disconnected) manifold W with a 
locally transitive G-action embeds G-equivariantly into both Mi and M2 with 
an equivariant G-action on the trivial normal bundle. Assume q > 3. Let 
M be any G-manifold obtained by equivariantly gluing M\ and M^ along W. 
Then 

Y (M) > / -(\ Y G(Mi)\ n ' 2 + |Y G (M 2 )|«/ 2 ) 2 /« ifY G (M t ) < Vi 
GK ' ~ \ min(Y G (M 1 ),Y G (M 2 )) otherwise. 

In the final section we will use this to compute some G-Yamabe invariants. 



2 Approximation of metric for Yamabe invariant 

Let's briefly go over the standard setup for the Yamabe problem. Let p = 
&, a = 4S=i. Then 

q, p-2 ) = LMMl+SgV 2 ) dV 9 

{f h .M p dv g )i 

and 

Y(M, [g]c) = val{Q(ip p ~ g)\(p & L 1 (M) is nonzero and G-invariant}, 

where the Sobolev space L 2 (M) is the set of u £ L 2 (M) such that du 6 
L 2 (M). A smooth function ip such that ip p ~ 2 9 i s a G- Yamabe metric will be 
called a G-Yamabe minimizer for [<?]<?. Generalizing B. Bergery's theorem 
0, the G-Yamabe constant also behaves continuously with respect to the 
confer mal class. 

Theorem 2.1 Let gi,g be G-invariant Riemannian metrics on M such that 
gi — > g in the C 1 -topology, and s gi — ► s g in the C° -topology on M. Then 
Y(M,[ gi ] G )^Y(M,[g] G ). 

Proof. By the theorem 11.21 there exists a G-invariant conformal change 
<-p p ~~ 2 g of g making the scalar curvature constant. Since <p p ~ 2 gi — > <-p p ~ 2 g and 
s ipV -2 gi — ► s v p-2 g for any positive smooth function ip, we may assume that 
s g is constant. We have two cases either s g > 0, or s g < 0. 

Let's consider the first case. Given a sufficiently small e > 0, we can take 
an integer N(e) such that for i > N(e), 

(1 - e)g- 1 < gr l < (1 + e)g-\ 

{l-e)dV g <dVg i <(l + e)dV g , 

and 

\s g -s 9l \ <e. 

Then for any ip £ L 2 (M) 

f M (a(l + e)\dtp\ 2 g + (s g + e)<^ 2 )(l + e) dV g 



Q& p ~ 2 g l ) < 



(J M \<p\P(l-e)dV g )- P 



< (l + e)f M (a\M 2 g + Sg<f?)dVg | e(l + e)J M (a|qy| 2 , + y 2 )q% 

(l-e)I(/ M M^F s )l ' (l-e)l(f M \<p\PdVg)l 

, (1 + e) n , p-2 , , e(l + e)g 

< 2-<2(v? 5) + 3-i 



where C > is a constant satisfying 



{a\dil\ 2 +ll> 2 )dVg<C{ \4>\ P dVg)l 

M JM 



for any ip £ L 2 (M), and similarly 



f M (a(l-e)\d<p\ 2 g + ( Sg -e)<p 2 )dV gi 



(JmM p dV m)* 
(1 + e)kj M WdV g )l (1 - e)l(j M \cp\PdV g )l 

(l + e)p (l-e) p 

Taking the infimum over cp and letting e — > 0, we get 1"(M, [gi]c) —> 
Y(M,[g] G ). 

In the second case, we have s 3i < for all sufficiently large i. Recall O. 
Kobayashi's lemma |12j : 

Lemma 2.2 Lei (M,h) be any Riemannian G-manifold with Y(M, [h]c) < 
0. Then 

(min s h )vol h (M)n < Y(M,[h] G ) < (max s h )vol h (M)™ . 

Proof. The proof should be the same as the non-equivariant case because 
Y(M, [/i]g) = Y(M, [h]) in this case. The case of n = 2 is immediate from 
the Gauss-Bonnet theorem. Let's consider the case when n > 3. The right 
inequality is obvious from 

Im s h dVh 2 

-^ — < (maxs/,)vol h (M)». 



For the left inequality, we claim that mins^ < 0. Otherwise the Sobolev 
inequality says that there exists a constant C > such that (J M ijj p dVh) v < 
Cj M (a\dij;\l + s h ^ 2 )dV h for any $ e Lf(M). This implies F(M, [fc] G ) > 
which is contradictory to the assumption. Once we have va.rn.Sh < 0, by 
using the Holder inequality we get 

(mms h )vol h (M)n < ss. ^ — < Q(ip p z h) 

(f M \<p\PdV h )- P 



for any tp £ L\(M), implying that (mins/^vol/^M)™ < Y(M, [h]c). I 

By the above lemma, 

(mins gi )vol s .(M)t < Y(M,[ 9i ] G ) < (maxs gi )vol s .(M)» 

for sufficiently large i. Letting i — > oo, we get Y(M, [gi]c) - > 
(maxs s )vol 9 (M)^ = Y(M, \g] G ). I 

In the light of this, we want to find a sequence of G-invariant metrics 
which has a nice form to perform a surgery and converges to the given one. 
Generalizing the results of O. Kobayashi [12], and K. Akutagawa and B. 
Botvinnik [2J, we present: 

Theorem 2.3 Let W be a G-invariant submanifold of a Riemannian G- 
manifold (M,g) and let g be a G-invariant metric defined in an open neigh- 
borhood ofW, which coincides with g onW up to first derivatives, i.e. g = g 
and dg = dg on W and has the same scalar curvature as g onW . Then for 
sufficiently small 5 > there exists a G-invariant metric gs on M satisfying 
the following properties. 

(i) gs = g on {z G M\dist g (z, W) > 5}. 

(ii) gs = g in an open neighborhood of W . 

(in) gs — > g in the C 1 -topology on M as 5 — > 0. 

(iv) s gs — ► s g in the C° -topology on M as 5 — ► 0. 

Proof. Let r be the ^-distance from W. Obviously r is G-invariant. 
The proof goes in the same way as ^2j and [2]. We will be content 
with describing gs. Given a 5 > 0, take a smooth nonnegative func- 
tion ws(r),r G [0, oo) which satisfies ws(r) = 1 on [0, |e~«], Wg(r) = on 

[S,oo), \r^\ <S, and|r^| < 8. Then g s = g+w s (r)(g-g) does the job. I 

To apply the above theorem we need to find a metric g which approxi- 
mates g near W in a canonical way. Let's suppose that W has codimension 
q. Let (x,y) = (x , • • • ,x n ~ q ,y n ~ q+1 ,--- ,y n ) be a local trivialization of 
the normal bundle of W, where (x±, ■ ■ ■ ,x n - q ) is a local coordinate on the 
base W and (y n - q+ i, ■ ■ ■ ,y g ) is a coordinate on the fiber vector space. Via 
the exponential map, this gives a local coordinate near W. Let the indices 
i,j,--- run from 1 to n — q, and the indices a, (3, 7, • • • run from n — q + 1 to 



n. Because we have taken the exponential normal coordinate in the normal 
direction, we have on W 

8 -g(di, d 3 ) = g{V da di, dj) + g{di,V da d 3 ) = -211?., 



dy c 




■g(di,d a ) = g(V dl3 di,d a )+g(di,V d0 d o 



= -g(v di dfs, d a ) + g (di,o) = -r? p , 



and 



d 
—g(d a ,dp)=0, 

where II?- = g(<9j, V dj9 a ) is the second fundamental form of W, and TfJx) 
is the Christoffel symbol for the ^-connection of the normal bundle on W. 
Therefore near W, g can be written as 

g(x, y) = $>g» - 2 £ y a n° (x) + 0(r 2 ))dxW 
i,j a 

+ ^(-r^(x)/ + 0{r 2 ))dx i dy a + Y^dy a dy a + £ 0{r 2 )dy a dy^ 

i,a,0 a a ^(3 

where g w = g\w and r = ^2 a (y a ) 2 - We will call the above the canonical 
coordinate expression of g near W. 

Let g be the first order approximation of g, i.e. 

9 ■= J^(9^(x)-2j^y a U^x))dx i dx^+Y / (-T?p(x)y^dx% a +Y, d y ad y a - 

i,j a i,ct,/3 a 

Since g and r are G-invariant, g is also G- invariant. The scalar curvature of 
g is in general different from that of g. For the scalar curvature correction, 
we want to make a conformal change which is 1 at W up to the first order. 
Let g(x, y) = u(x, y) p ~ 2 g where u is G-invariant, 

u(x,0) = l, and — u(x,0)=0 (1) 

for any a on W. Letting the uppercase Roman indices denote 1 through n 
and using l[T|). we have on W 



Agu = -V A d A u = -g AB {d A d B u-t c AB dcu) 

a 



dy a dy a ' 



where V and T denote the covariant derivative and Christoffel symbol of g 
respectively. We set 



Then on W, 



u(x,y) := 1 - - — (s g \w ~ Sg\ w )- 
8aq 



u P(4aA g u + sgu) = -4a ^ 7^7^ + *g = s g . 



dy a dy 

Combined with the above theorem, we obtain : 

Theorem 2.4 Let W be a G -invariant submanifold of a Riemannain G- 
manifold (M, g) . For sufficiently small 5 > 0, there exists a G -invariant 
metric gs such that 

(i) 98 ~* 9 i n the C 1 -topology on M as 5 — ► 0. 

(ii) s gs — ► Sg in the C^ -topology on M as 5 —> 0. 

(Hi) gs = g on {z £ M\dist g (z, W) > 5}. 

(iv) In an open neighborhood of W , gs is conformally equivalent to 

Y. a d v a dy a - 

For the conformal classes which are close in a G- invariant subset, we can 
obtain a common upper bound. 

Proposition 2.5 Let {g a \a £ 1} be a collection of smooth G-invariant met- 
rics on a compact G -manifold X. Suppose that there exists a constant D\ 
and D2 such that \g a — g@\ < D\ and \s 9a — s g/3 \ < D2 in some G-invariant 
open subset U C X for any a, (3 £ I. Then there exists a constant D such 
that Y(X, [<7q:]g) < D for any a £ I. 

Proof. Take a smooth bump function (f>(x) > supported in U. In general 
(f> is not G-invariant. Let d\i be the unit-volume bi-invariant measure on G. 
Define 4>{x) := J G (f)(gx) dfi(g). Then (f> is G-invariant and also supported 
in U. Now Q(<t> p ~ 2 g a ) is bounded above and by definition Y(X, [g a ]G) < 
Q((j) p ~ 2 g a ) for any a £ I. 

I 



3 Proof of Main theorem 

We start with the equivariant version of 0. Kobayashi's lemma |12j . 

Lemma 3.1 Let {M\ U M 2 ,gi U g 2 ) be the disjoint union of (Mi,gx) and 
(M 2 ,g 2 ). Then Y(M 1 U M 2 , [gi U^g) is given by 

-(\Y(M 1 , bi] G )|"/ 2 + \Y(M 2 , [g 2 ] G )\ n/2 ) 2/n %fY{Mi, [ 9i } G ) < V* 
min(y(Mi, [g 2 } G ), Y(M 2 , [g 2 } G )) otherwise, 

and 

-{\Y G {M x )\ n / 2 + |y G (M 2 )|™/ 2 ) 2 /™ xfY G {Mi) < V» 



y G (M!UM 2 ) ^ m i n (y G (M 1 ),y G (M 2 )) otherwise. 

Proof. Suppose F(Mi, [</i]g) > ^(M 2 , [<? 2 ] G ) > 0. Then for any ^U^ G 
bi U g 2 ] G where c > is a constant, 

Q{c 2 g[ U g' 2 ) - JMl 9l 9l Hh 92 92 



n — 2 



. (/m! c " dV^YjMx, [ 91 ] G ) + (J M2 rfF g , )^y(M 2 , \g 2 \ G ) 

— n — 2 

> (J Mi c" ^)^y(M 2 , [g 2 ] G ) + (J M2 j^gn^ [g 2 ] G ) 

(/m^^^ + C/m^)^ 
= Y(M 2 , [g 2 ] G ), 

and Q{c 2 g[ U g' 2 ) —>■ Y(M 2 , [g 2 ] G ) if c — ► and g' 2 is a G-Yamabe metric on 
M 2 . 

Suppose Y(M u \g 1 ] G ) > > y(M 2 , [g 2 ] G ). Also for any c 2 g' 1 Ug' 2 G 

bi u# 2 ] G , 

fflr c n_2 s„' dV„/ + L, s n i dV„> 

„2 „/ 1 1 „/ \ _ J Mi 9i Si J M 2 92 92 



Q Wi u g 2 ) 



n — 2 

+ (/A/ 2 ^)~y(M2,[g 2 ] G ) 

re— 2 

9^ 



(/itfx^^i+/M 9 ^' 



n — 2 

(J^^,) — y(M 2 ,[g 2 ] G ) 

— , /. ,. n — 2 

(Jm 2 ^9 2 )~ 

= y(M 2 , [ 52 ] G ), 



and Q{c 2 g'i U g' 2 ) — » Y(M 2 , [s^g) if c —* and g' 2 is a G-Yamabe metric on 
M 2 . 

For the last remaining case, suppose Y(Mi, [g^o) < and we assume gi 
is a G-Yamabe metric for (Mj, [s^g) fo r each i such that s 9l = s 92 < 0. Now 
note that the lemma H72\ still holds true for the non-connected manifolds and 
its corollary is that any G-invariant metric of nonpositive constant scalar 
curvature is a G-Yamabe metric. Thus g\ U g 2 is a Yamabe metric and 

Y(M 1 U M 2 , [g x U S2 ]g) = s giUg2 vol fflUff2 (Mi U M 2 )» 

= -(|sgiU S2 l 2vol <?iU 92 (MiUM 2 ))n 

= ~(\sgi 1 2 vol 9l (Mi) + \s 92 \ 2 vol 92 (M 2 )) » 

The second assertion is immediately obtained by taking the supremum 
of the first equality. I 

By the above lemma, we only need to prove the following theorem. 

Theorem 3.2 Let Mq be a smooth compact (possibly disconnected) manifold 
of dimension n > 3 on which a compact Lie group G acts smoothly, and W 
be an (n — q)- dimensional smooth compact (possibly disconnected) manifold 
with a locally transitive G-action. Suppose that two copies of W embed G- 
equivariantly into Mq with an equivariant G-action on the trivial normal 
bundle. Assume q > 3. Let M be any G-manifold obtained by an equivariant 
surgery on Mq along W . Then 

Y G {M) > Y g (Mq). 

Proof. The idea of proof when q = n is the same as the well-known result of 
Osamu Kobayashi |12j , which considers a gluing with a long neck. When q < 
n, the idea is inspired by Dominic Joyce's method in 11]. We construct M 
with the volume of the gluing region very small. This forces the G-Yamabe 
minimizer of M to concentrate away from the gluing region, otherwise the 
value of Yamabe functional gets too big. Then the G-Yamabe constant of M 
is basically expressed by that of Mq. Although we can simplify our proof a 
little bit by restricting to the case Yg(Mq) > 0, we will prove the general case 
for completeness. By abuse of notation W will also denote the submanifolds 
embedded in M. 

Let < ei,e 2 <C 1. Take a conformal class [<?o]g on -^o such that 
Y(M , [g ] G ) > Y g {Mq) - § . Applying the theorem O and El we 

10 



can find a G-invariant metric g satisfying Y(Mq, [g]c) > Y(Mq, [go]c) — 
Y and g near W is the canonical first order approximation of go, i.e. 
9 = ZiA(9^h(x) - 2£ Q y«ng(x))cixW + ^^(-rf^y^dx'df + 
^2 a dy a dy a , where (y n _ g+ i, • • • , y n ) is the g - ex P onen tial normal coordinate 
in the normal direction. Since dist 5 ((x,y), W) = ^ a {y a ) 2 , it turns out 
that (y n _q + i,--- ,y n ) is also the ^-exponential normal coordinate, and so 
the above expression of g is the canonical coordinate expression for g itself 
by the uniqueness. So we may assume that 

Y(M , \g] G ) > Y G (M ) - ei 

and 

i,j a i,ct,/3 a 

on N(ro) := {r = (X^a^/a) 5 < ro}. Also keep in mind that the G-action 
fixes r, and acts on x as in W. 

We first consider the case when q = n, i.e. W is a finite set of points. 
In this case g is the Euclidean metric near W. Since r is G-invariant, by 
multiplying a conformal factor /(r) which is \ near W, (Mq — {W U W), g) 
is conformal to a Riemannian G-manifold (Mq,</) whose end is two copies 
of an infinite cylinder W x S n ~ l (l) x [0, oo). Cut off both infinite cylinders 
at a large integer I € [0, oo) and glue them along the boundary to get a Rie- 
mannian G-manifold (Mi,gi) which contains a cylinder W x S n ~ 1 (l) x [0, 21]. 
Note that the complement of the cylindrical region in M; is G-invariant and 
the same for any I. Thus by the proposition 12. 5( {Y(Mi, [gi]c)\ I £ [0, oo)} 
is bounded above. This is an important fact to be used below. 

To estimate a lower bound of Y(Mi, [gi]c), let ipi be a G-Yamabe mini- 
mizer satisfying J M ijjf dVg t = 1. Since {Y(Mi, [<?/]g)| I S [0, oo)} is bounded 
above, there exists a constant A > independent of / such that 

(a|#,| g , + 2(n - l)(n - 2)Vf ) dV& < A. 

WxS n - 1 (l)x[0,2l] 

Combined with JwxS n - 1 (i)x\o 2t\ ^f ^fli ^ ■"■' ^ i m P nes that there exists an 
integer A^ € [0, Z — 1] such that 

/ (a|#,| a + 2(n - l)(n - 2)^ 2 ) dV^ < ^±1 (2) 

and 



/ ^dv- gi <^ 1 

JWxS n ~ 1 (l)x[2Ni,2Ni+2] L 

11 



Vf dV Sl < -^-. (3) 



Let £(t) : R — > [0, 1] be a smooth function such that 

1 forte (-oo,0] U [2, oo) 



e(i) -\o forte[f,f]. 

Define a smooth function \&/ on Mj as 

^(z,t)£(t-2iV,) for (z,t) e (W x fif""^!)) x [0,2/] 



ipi elsewhere. 

Cut Mi at W x £ n ~ 1 (l) x {2iVz + 1} and glue two half infinite cylinders to get 
back (Mq,</). Extend \&z to Mq by defining it to be zero on the additional 
half infinite cylinders. Noting @, ©, and the fact that {Y(M h [gi}c)\ I G 
[0, oo)} is bounded above, we can get 

Q(^rV)<^(M Z ,[5/] G )+j, 

where B is a constant independent of I. This implies Yg(Mq) — t\ < 
Y(M , [g] G ) < Y{M h [gi] G ) + f . Letting I — oo and ei -► 0, we finally 
obtain F G (M ) < *g(M). 

Now we turn to the case of q < n which will be needed at the last 
stage. We will perform a refined version of the well-known Gromov-Lawson 
bending |71[2U] on iV(ro). The manifold is constructed as a hypersurface in 
the Riemannian product R x Mq in accordance with an appropriate smooth 
curve 7 in {(t,r) e R 2 }, which starts tangentially to the r-axis at t = 
and ends up parallel to the t-axis as in the following figure. We extend the 
isometric G-action to R x Mo in an obvious way that t is invariant. Since 
r is G- invariant, the constructed manifold is a G- invariant submanifold of 
the Riemannian G-manifold, and hence also a Riemannian G-manifold. The 
angle of bending at each radius is denoted by 9, and k > denotes the 
geodesic curvature. The scalar curvature s is given by 

s = s q -2RicJ^-,-^-)sm 2 9 + (- 2 ^ q ~ 1 ' +0(l))fcsinfl 
or or r 

, ,w „N sm2 # ^/-,Nsin 2 6> 
+ (q - l)(q - 2)— =- + 0(1) 



r 



(g-l)(g-2) sin 2 g ^ A; sing 

for sufficiently small r > 0, where s g and i?ic 5 denote the scalar curvature 
and the Ricci curvature of g respectively. 
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Figure 1: curve 7 



The construction of 7 is done in 3 steps. First, by continuity we make a 
bending of small #0 keeping 

(q - l)(q - 2) sin 2 fcsing 

j 3 W ~ i ) > _£ 2 

so that s > s g — €2- Let 77 be the radius at the end and take r[ such that 
< r'i <C r\. As a second step 7 goes down to r = r2 straight i.e. k = 0. 
Since A; = 0, we have in this step 



s > s g + 



((7-l)(g-2)sin 2 o 



>s 9 . 



2 r^ 

Here r2 > is chosen small enough so that there exists a C°° function 

rj(r) : R + -► [0, 1] such that 



and 



r/(r) 



1^1 < 



for r < V2 

1 for r > r[, 



(q - l){q - 2) smOo 
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(Consider the graph of y = (y — — ^ — - sin#o) lnx.) This 77(7-) will be used 
later as a radial cut-off function on (Mo, g). Now the third step proceeds. 
We bend 7 after the following prescription of the curvature function k(L) 
parameterized by the arc length L. Here, ko, the maximum of k, is defined 



2 



Figure 2: curvature function k(L) 



as 



(q— 2) sin^o 
6r2 



so that 



l)(g - 2) sin 2 



3(«-l 



fcsin# 



> 



(4) 



is ensured during this process and hence s > s g . 
A6 is 



The amount of the bend 



A9 



T2 

k dL ~ fcn • — 



(q — 2) sin 6q 



2 12 

Repeat this process with the curvature prescription completely determined 
only by the ending radius of the previous process until we achieve a total 
bend of ^ . So the length of 7 during this step is less than 

37rr 2 



— ([-/A0] + 1)< — 

2 u 2 7 J (?• 



2) sin 6» 2 



(5) 



Let r3 be the final radius. 

To smoothly glue two bent regions along the boundary W x S q ~ l , we 
have to homotope the metrics on the boundaries. Let h r be the metric on 
W x S^ -1 induced from the boundary of (N(r),g). On W x S^ -1 we define 
a G-invariant product metric h r := ^ i -g w + g s td{ r ) where g w is a fixed 



G- invariant metric on W and g s td(f) denotes the round metric of S q 



-1/ 



Obviously the scalar curvature s^ of /i r is 



(q-l)(q-2) 



+ 0(1). Moreover 
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Lemma 3.3 Let h v r for v 6 [0, 1] be the convex combination uh r + (1 — u)h r 
of h r and h r . Then there exists a constant C > such that the scalar 
curvature Sh v of h v r is bounded below ■% for any v and any sufficiently small 
r > 0. 

Proof. This is basically because h" is very close to a riemannian submersion 
with totally geodesic fibers S q ~ l (r), and hence the O'Neill's formula fT| gives 
such an estimate of s^ • It's enough to show that the difference between s^ 
and s^ is at most O(^). 

As before we let i,j,k,--- denote the indices of coordinates of W in W x 
S^ -1 and a, (3, 7, • • • denote the indices of coordinates of S" 2-1 in W x 5 9_1 , 
and A, B, C, • • • will denote the indices of coordinates of both W and 5 9_1 . 
Writing an (re — 1) x (n — 1) matrix (Mab) as 



M i:j 


\ 

M ia 


M ai 


M afi 

) 



we have 



(h 



(h r ) + (h u r - h r ) 



I 

0(1) 





+ 


( 

0{r) 


\ 

0(r 2 ) 




V 


0{r 2 ) 

) 


0{r 2 ) 
\ 






and 



(KY 



ck)- 1 + my 



1 - (K)- 1 ) 



The same estimates also hold for their derivatives. 



(6) 



O(l) 





+ 


( 

0{r) 


\ 

0(1) 1 




V 


O(^) 

J 


Oil) 


o(i) 



(7) 
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Recall that Christoffel symbols of a metric h are given by 
r c l ^uCD< dh AD , dh BD dh AB 

VAB = 2\ h W + ^7~a^ } ' (8) 

and the Riemann curvature tensor R is given by 

RABC = 9a^bC ~ ^B^AC + ^BC^AE ~ ^AC^BE- ( 9 ) 

Denote the Christoffel symbol of h r and h v r by f r and T^ respectively. Then 
the direct computations show that 



and 



except 



(f r )% = O(l) = d(T r f AB , 



(T»f AB - (f r f AB = 0(r) = d(T»f AB - d{Y r )% 



(K)?j - (fr)5 = o(;) = 0(r?)§ - acr P )5. 



Also denote the Riemann curvature tensor of h r and /i^ by R r and i?^ re- 
spectively. Then 



(■"rJcdj \-K-rJaij ~ v_/ ~~ \**-r)ijk \^r)ijki 



(Rr)aB'y ~ (Rr) a 0~f ~ 0(t). 



1. 

r ■ 
and 

Thus the difference between sectional curvatures of h r and h" is bounded 
above by O(-), and hence so is the differences of two scalar curvatures, 
completing the proof. I 

Now we have the metric h r:i on the boundary. We have to homotope 
h r3 to a G-invariant product metric h r . 3 . Consider a smooth homotopy 
H ra (z,t) := if(t)h r3 + (1 - <p(t))h r3 for (z,t) £ (W x S^ 1 ) x [0,1], where 
if : [0, 1] — » [0, 1] is a smooth decreasing function which is 1 near and 
near 1. In the above lemma we have seen that (W x S q ,H r3 (z, £)) for each 
t £ [0, 1] has positive scalar curvature. Then by the Gromov-Lawson lemma 
in [7j, there exists a constant d > such that the metric H r3 (z,t/d)-\-dt 2 on 
W x S"? -1 x [0, d] has positive scalar curvature for sufficiently small r% > 0. 
Obviously H r3 (z,t/d) + dt 2 is also G-invariant and we now glue to get a 
smooth G-invariant metric with scalar curvature bigger than s g — 62 on M. 
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An important fact about the bending of 7 is that if we can take r[ and T2 
further small, we only need to shrink the remaining part of 7 homothetically. 
Let {(£, /(£))} be the graph of 7 in step 3 and t\ be f {r-i)- For < /x < 1, 
let's take fir[ and ^2 instead of r[ and T2 respectively, and let r^ be the 
t-coordinate corresponding to /ir2. Then we shrink the step 3 part of 7 
homothetically by /i and concatenate it to (r^,^^). Indeed the equation 
of this portion of the curve is given by (t,/j,f( — Tfl ^ T1 ))- Moreover, noting 
that the geodesic curvature k is dilated by - without changing 6, the scalar 
curvature at (t, fiy) satisfies 

s(t,ny) > s g (t,fj,y) + 
> s g (t,ny), 



(?-i)(g-2) 



sin 



Mvl) J 



3(q-l 



ksin9 



iAv\ 



where we used (@J in the second inequality. We denote the curve with \ir' x 
and [ir2 instead of r[ and T2 by 7^. 

We also claim that the metric on the homotopy region W x 5 ?_1 x [0, d] 
can be accordingly shrunk to H^ ra (z, t/d) + fj?dt 2 still having positive scalar 
curvature for any fj, £ (0,1], once T2 and hence r% was chosen sufficiently 
small. 



Lemma 3.4 The scalar curvature of the manifold W x S q 1 x [0, d] with the 



metric H^ r3 (z, t/d) + fj, dt is bounded below by , ^ + % f or an U H £ (0, 1], 
and any sufficiently small r^ > 0, where C > is given in lemma \3.cl\ and 
C is a constant. 



Proof. The proof continues from the above lemma. Using the estimates 
and (J7J), H /ir3 (z,t/d) + y?dt 2 is given by 



/ 



H^r 3 (z,t/d) 



\ 



I'- 




ll 



and its inverse is given by 



(H^t/d))- 1 



\ 



IP 



I 




The same estimates also hold for their derivatives. We let T^ and W 1 be the 
Christoffel symbol and the Riemann curvature tensor of H„ r3 (z, t/d) + fi 2 dt 2 
respectively. As before A, B, C, ■ ■ ■ run from 1 to n — 1, and N denotes the 
index of the last coordinate function t. The direct computations show that 



i 



(r 










d(rn% 



d(rn%, 



VYXb = -aO(l) 

h 1 



d(T 






(T- 



'atv 



O(l) 



0(r")SW, 



and 



(ft 



^BO 



/'' 



rO(l). 



Let Xt be the hyper surf ace W x S 19 1 x{t}. Then the second fundamental 
form of Xf is given by (T^)ab = -^0(1), and hence its norm is of the form 



— O(l). Denote the scalar curvature of the hypersurface Xt with the induced 
metric by sx t - It follows from the Gauss curvature equation and the above 
lemma that the scalar curvature is given by 

n 
SXt + -0{l)+2Y,m N NBB = 8 Xt + -zO(l) 



(i 



B=l 



V 



> 



c 



1 



ip-n 



+ -,0(1). 



Therefore the scalar curvature of H„ r3 (z,t/d) + fi 2 dt 2 is positive for suf- 
ficiently small r^ > 0. From now on we assume that T2 was taken small 
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enough to ensure this, and the Riemannian G-manifold obtained by 7^ and 
H^ ra (z,t/d) + fi 2 dt 2 is denoted by (M M ,g M ). 

We define three Riemannian manifolds with boundary (S$ t£ ,gs,e) C 

{Ts,e:95,e) C {N Se ,g Se ) by 

% = M fe - (M - {r < Serb), 

T s , £ = M Se - (M - {r < en}), 

and 

N 5e = M 5e - (M - {r > r }) 

with the induced metric. (In fact, (S$ j£ ,gs,e) depends only on Se.) To in- 
vestigate the relation between T$i and T$ £ , let x be any point in W and 
define a g-dimensional Riemanian submanifold (T5, e ,xi98,e,x) C (T<5 )£ , (jy^) 
by Ta j£jX = T^g n ({x} x S" ? ~ 1 x [0, d]) with the induced metric. Tak- 
ing into account that g is C°-near to the product metric on iV(ro), i.e. 
g = g + qe + O(ro), where gE is the Euclidean metric on R q , we have 

98,e = 9 W + <7<s, e ,x + 0(er{) 

on T$ e . The obvious shrinking map from 75 for r < r\ onto 7£ £ for r < en 
and the identity map in the homotopy region induces a diffeomorphism <E>5 i£ 
from Ts t i to T s<£ , which gives $*(ff,j, e , x ) = e 2 gs,\, x - Thus we have on T 5)£ , 

$*(^,J = rKl + O^Jj^w^J^'ll+O^))^^ 

^ ^(lidn)^,, (10) 

where Ci > is a constant. From now on Cj's will denote some positive 
constants. Let (■,■)<?$ e and {■-,-)g Sex denote the inner product on (T^g,^^) 
and (T^^,^-^) respectively. Then we also have on T$ j£ , 

= ^( W > W W ( n ) 

for any 1-form uj belonging to T*(5« _1 x [0,d]) in T*(IF x S^ 1 x [0,d]). 
It's important that C\ is a uniform constant independent of any choices we 
made such as #o> r 2;<^ and etc, as long as r^ is sufficiently small, which we 
always assume. From now on we will omit <£* for convenience. Also note 
that for any choice of vq and 9o, the length of the step 3 part of 7£ £ and the 
volume of the homotopy region can be made arbitrarily small by taking r^ 
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much smaller, which we always assume from now on. This means that there 
exist constants C3, C4, C5 > such that 



vol^ (N Se ) < C 3 r q , vol^ £ (T S>£ ) > C 4 (eri)«, 

and 

vol- gs JSs, £ ) < C^Ser'.y, 

where Q's are also uniform constants when ro,#o an d V2 are chosen small 
by the above way. As the last preparation, we have 

Lemma 3.5 There is a constant C > independent of 8 £ (0, 1] satisfying 
the Sobolev inequality 

A, g gj» 1 < g A. jg gj» t + A. i"<,^.. ■ 

VOlg SA (S St l) ' VOlg sl (S S ,l) ' VOlg Sl (S S ,l) 

for any if G LJ(S Stl ). 

Proof. For a fixed Oo,r[, and r2, get (Si t i,gi t \) and choose a (7 satisfying 
the above inequality. In the same way as above, consider a diffeomorphism 
ty from Si 1 onto Ss 1 such that 



y*(dV §sl )^5«(l±C 6 r' 1 )dV gi , 1 , 
1 



9*{u,u)g fA = ■^(UJ,u)~g hl , 



and 

*>,*>&,i^(l±<Vi)(a,<7> gl>1 

for any 1-forms lo and a belonging to T*^ 9 " 1 x [0, d]) and T*W in 
T*(W x S" 9-1 x [0, d]) respectively. Then the result follows immediately. I 

Although it is not necessary for our further discussion, we remark that 

Remark In fact C may depend only on 9o,r[, and r2- Notice that C is a 
continuous function of the metric in C°-norm. Since the ambiguity of the 
step 3 construction of 7 can be made very small, any possible (Si,i,gi,i) is 
C°-close, once 60, r i> r 2 ar e determined. As a final note, actually we will not 
need the ^-independence of C, because we will use C for a fixed 8. □ 
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Now let's get down to estimating the G-Yamabe constant of (Mg e , \jgseJG)- 
Let cpse be a G-Yamabe minimizer satisfying J M <f^ £ dV gSe = 1. We have 
two cases, either 

$ dVss < 2P+1 C P ™ksAS 5A ) r ^ 

S s , e 5S "' y: ~ vo ksA T S,l ~ S S,l) Jm S£ -Ss, s 

or not. 

Assume the first case. Let ri$ £ (r) be defined by tj(j-)- On the support 
of 7]s £ , gss is very close to g when 9q is very small. To compare these two 
metrics on this region, let i : Mq — A^(fera) — ► M§ £ be the obvious inclusion 
map. Then i is isometric on the outside of N(ro). On iV(ro) — N^Ser^), i 
is isometric in the direction orthogonal to the radial direction, and ^ gets 
dilated by , In particular on the support of rjs £ , 

\/l-sm 2 8 



dV~ 95e > dVg > VI - sin 2 #0 dV~ g5e , 

and 

, i 1 

Mg Se < Ms < \u\g ie 

VI -sm^o 
for any 1-form to. This gives us that 

/ Vfe dV~ 95e > / {r) S s<P5s) p dVg, 

and 



(7? fe ^ fe ) p dF 9 > \J\ - sin 2 6<o / (??feV?fe) P ^ e 

Mo « fe 



> V / l-sin 2 ^ ( / ¥& c^ & . - / ^ £ ^ ( 



> 



Vl-sin 2 e ( / ¥& <*V^ e 
2*>+ 1 (>vob 3M (S (5 , 1 ; 



V& dV~, 



> 



r rT7-m 2P+ 1 CPC 5 (^r / 1 )% f p 

\/l-sin 2 eo(l - C 9 <J9) / < d^ fa ). 
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Using the fact that Sg Se > s g + (g 1} 2 (g 2) ^^ > s ff + \drj S£ \ 2 g on the support 
of dt]s £ , and s,^ is bounded below by (mins s ) — e 2 , we get 



(\d(rjSe<P6e)\g + S g (rjs e (p6e) ) ^ff 

M 

fa&l^felg + \dVSe\ 2 g <P 2 5e + s <?(% £ </4)) dVff 
{r>5er2J 

- / 1 — -7-2^-(|dv&ll fa + *&«¥>&) ^ 

JM fc J- — sin t^o 

+ C10 / v4 d^, e + Cn (sin 2 9 + e 2 ) I <p 2 Se dV~ 5e , 

J {Ser2<r<Ser[} J M 6e 

where C±q and C\\ are constants depending only on mins s . By using the 
Holder inequality the second term is bounded above by 



Cio(vol(S&) gfa )n( / *4 d^ fa )F < C 10 (C 5 (feri) g )-( / v4 d^ to )F, 
and the third term is bounded above by 



C n (sin 2 0o+e 2 )(vol(M fe )fc e )n ( / ^ <^ fa )F < C 12 (sin 2 # +e 2 )( / <^ £ dV £ 

JM fc JM Se 

where we used the fact that 

volg fc (M fe ) = vol g {M -N(r )) + vol g jN 5£ ) 
< vol g (M -N(r )) + C 3 r q . 

Thus 

Qg(jl8e<P5e) > Y(M , \g] G ) > Y G (M ) - e 1 

is bounded above by 

(1 - sin 2 e )- l Y{M &£ , [g 5e ] G ) + C w (C 5 (Ssr[y)^ + C 12 (sin 2 6 + e 2 ) 
or 

(1 - sin 2 9 Q )- x Y{M Se , [g 5e ] G ) + C 10 (C 5 (feri) 9 )" + Ci2(sin 2 8 + e 2 ) 



2 

9be) V 1 



(l-sin 2 o )^(l-C 9 ^) 



for any 5 and £. Recall that C\qC£ and C12 are uniform constants indepen- 
dent of any choices and Cg is independent of 5 and e. Taking first #0 and 
then 5 arbitrarily small, we have 

Y G (M) + C 12 e 2 >Y G (M )-e 1 . 
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Since ei, €2 > are arbitrary, it follows that 

Y G (M) > Y G (M ). 

In the second case, we want to derive a contradiction when e > gets 
sufficiently small for any fixed 5 > 0. 

Lemma 3.6 Suppose that (X, h) is a compact Riemannian manifold with 
smooth boundary and that f G L 2 {X) satisfying f x f dVh = 0. Then there 
exists a function £ G L^(X) unique up to the addition of constant such that 
A£ = / and in addition n ■ V£ vanishes at the boundary, where n is the unit 
outward normal to the boundary. 

Proof. See 0. I 

Consider a step function fs on T$ 1 defined by 



h 



vo ks,i( S S,i) l on S s ,i 

{volg s 1 (Ss,x) - vol^ x (T 5i i)) _1 on T s<1 - S s . 



i- 



Then f T fs dV gs 1 = 0, so by the above lemma, there exists a function 

£5 G LlC^Xi) satisfying A^ = f§, and that V£a vanishes normal to the 
boundary. For any (p G Lf(Ts y i) the integration by parts yields 



™ksA S 8,l) Js s>1 ' ' VOlg.^T^i - 5,5,i) Jt s>1 -Ss,i 

= ipA£s dV-g = (d<p,d£s)~ gs>1 dVg SA , 
and hence 



1 



<(/ \dts\l sl dVg SA )H \dy\l 51 dVg 5 ^ (13) 

JT S>1 ' JT SA 

by the Holder inequality. Since S$ t i is connected, the constants are the only 
eigenvectors of A on Ssi with eigenvalue and derivative vanishing normal 
to the boundary. By the discreteness of the spectrum of A on Ss,i with these 
boundary conditions, we have 

( 1 T^^) 2 - — i 7^^ / V^W.1 +(-77 i 77^^) 2 - ( 14 ) 

VO %,lOV) vo ksA S 8,l) JS SA Ci3VOlg SA {S S ,l) 
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Also, by the Sobolev inequality ((T2]) . 

C l vo^ 1 (5 (5 , 1 ) jP l vol 5w (5 5)1 ) P ~ [ vol~ gsi (Ss,i) Y ' '" l j 
On the other hand, the Holder inequality gives 



voi ^,i( r ^i-^,i) Jt s1 ~s 61 m v °ksA T sA) - v °ksA s ^y 

(16) 
Adding together lfT5|l. (fTijI . (fT5|) . and (O yields 



;(— ii — 77^^) p -(: 



C VOlg, fl (5,5,1) ' VOlg Sl (T 5)1 ) -VOlg s<1 (Ss,l)- 



1 



<C 14 (/ \dtp\§ s !<&§*)*• 
Jt Sj1 

Now if </? is G- invariant, then -J^ = for any i = 1, • ■ ■ ,n — q, because 
the G-action on W is locally transitive. Then using IjlOJI and (|lljl. we get 

l f l-Ci5n^/^ a _ , 1 + Cien /r f , e -s,, e ^ dV Ss„ i 
<T e" vol3 M (5 5 ,i) jP l e? vol3 M (T 5il -5 5 ,i) jP 

1 + Ci 7 ri /" , , _ l2 JTr N i 



<Ci 4 (— ^/ I^IJ^J*- 

Since Ci5,Ci6, and C17 are uniform constants, we get for sufficiently small 
n > 0, 

•/s,, e vol§ M (T 5i i - & 5i i) J Ts!£ -S Ste 



<C Xii e l ^{ \dip\lJV Ss )l 



96, e 



Under the assumption that 



p , T/ ^ 2^ 1 ^vol^ 1 (^ 1 ) f 

^fe ^«,« > — li rE ^7T / ^e dV 96^ 

S S , e yoi.g S:1 {ls,l-b S ,l) JM Se Ss, e 



we have 
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JS/ir JT/If 



and 



JM Se JS S , S ' JM 5e -Ss,e 

f „ i vols. , (Tx i — Sx i ) i 
< (/ <fLdV St ,)p(l + ( 9 -^-^ —)*), 



which yield 



Ciq e- 2+ ~ < 



L e \ dt PSe\h, e dV 9s, 



On the other hand, using the fact that Sg SE is bounded below and 
volg fc (Ms £ ) is bounded above for any s G (0,1], a simple application of 
the Holder inequality gives 

— ^ r > mm(0, (mms 9 ) -e 2 )(volg fc (M & )) p 

> — C20 

for any e. Now by letting e — ► 0, Q(ip$~ g$ £ ) — > oo. By the way, the 
proposition 12.51 savs that Y(Mx e , [gsejc) is bounded above for any e £ (0, 1], 
because a G-invariant open set (Mo— iV(ro), <?) is isometrically embedded into 
(M<5 £ ,g<5 £ ) under the identity map. This leads to a contradiction, completing 
the proof. 

I 



Remark A slight modification of this proof also works in more general cases 
as when the two normal bundles of W are isomorphic with the equivariant 
G-action. □ 



4 Examples 

Consider the unit n-sphere 5" n (l) C R n+1 for n > 3 and an isometric G- 
action where G = SO(n — q + 1) with q > 3 acts on the first n — q + 1 coor- 
dinates of M n+1 fixing the last q coordinates of R n+1 . Then the complement 
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of fixed point set S n (l) n ({0} x M. q ) is foliated by G-invariant (n — (^-spheres 
on each of which the G-action is transitive. Since the round metric is a 
G-invariant Yamabe metric and the G-action has fixed points, 

Y G (S n ) = Y(S n ) = K, 

Take two copies of S n and perform a surgery along such S n ~ q to get a 
Riemannian G-manifold S n ~ q+l x S q ~ l . By our surgery theorem, 

Y G {S n - q+l x S q - 1 ) > Y G (S n U S n ) = Y G {S n ) = A n . 

Since S n ~ q+1 x S^ 1 has fixed points, Y G (S n - q+1 x S"?" 1 ) < A n and hence 

Y G {S n - q+1 x S^ 1 ) = A n . 

Taking connected sums of S n ~ q+1 x S 19 " 1 along fixed points, we also have 



Y G (l(S n - q+1 x S 9 ' 1 ^ mS n - q+1 x Si- 1 ) = A n 
for any integers I, m > 0. 
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